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Abstract
The bumblebee field coupled with gravity is considered. This gravitational theory exhibits spontaneous
breaking of Lorentz symmetry. The Gödel-type universe is introduced and then the causality and its viola-
tion are studied. Causal and non-causal Gödel-type solutions are obtained for different content of matter.
In addition, when the coupling constant, which controls the interaction between the bumblebee field and
the gravitational field, is zero the bumblebee potential may be associated with the value of the cosmolog-
ical constant of the general relativity. Furthermore, the case with the non-zero coupling constant is also
investigated.
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I. INTRODUCTION
Standard model (SM) and General Relativity (GR) are examples of theories that describe the
fundamental forces of nature. These theories have been extensively tested over the years and
their theoretical predictions are confirmed experimentally. Although SM describes fundamental
interactions at a quantum level, GR is a classical theory. So, at the present moment, a consistent
quantum gravity theory, which unifies GR and quantum mechanics, has not been constructed.
However, some models that unify SM and GR have been developed. A unified theory leads to a
deeper understanding of nature. The physical effects of this unification theory must emerge at very
high energies, i.e., at the Planck scale (∼ 1019GeV). On this scale of energy, a new physics arises.
For example, the Lorentz and CPT symmetries that are the foundation of SM and GR may be
broken [1]. To study these ideas, an extension of SM has been developed.
The Standard Model Extension (SME) [2, 3] is an effective field theory that describes the Lorentz
violation, both theoretical and experimental. The SME is composed of known physics of the SM
plus all possible terms that violate Lorentz and CPT symmetry. The GR in the framework of
the SME has been considered [4–6]. The gravitational sector of the SME contains 19 coefficients
for Lorentz violation and an unobservable scalar parameter. This model was developed using the
ideas of spontaneous Lorentz symmetry breaking. Here the bumblebee model is considered. It
is the simplest example of a theory with spontaneous Lorentz symmetry breaking, i.e., a vector
field acquires a nonzero vacuum expectation value implying that the vacuum of the theory gets a
preferential direction in the space-time. The bumblebee model has been extensively studied in the
literature [7–12]. In this paper, the question of causality that emerges from the Gödel-type universe
in the bumblebee model will be investigated.
The violation of causality in GR is a permissible phenomenon since exact solutions in this
theory allow the presence of Closed Time-like Curves (CTC’s). There are some models that allow
the existence of CTC’s, as a consequence a traveler who moves along such curves can return to his
own past. Examples that exhibit such characteristic are, the Gödel universe [13], the van Stockum
space-time of a rotating dust cylinder [14], the Kerr space-time [15] and the Gott space-time of
two cosmic strings [16], among others. A review of cosmological models with rotation that exhibit
causal violation is presented in [17]. Here the Gödel-type solutions are considered. This solution
was proposed by K. Gödel. It is an exact solution of GR with rotating matter. In addition, it
is stationary, spatially homogeneous and possessing cylindrical symmetry. A generalization of the
Gödel solution has been developed, such solutions are denominated by Gödel-type metrics [18]. In
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these metrics the question of causality is investigated in details and there is possibility of eliminating
the CTC’s for determined values of their parameters. Furthermore, with such generalization three
different classes of solution may be analyzed: (i) there is no CTC’s, (ii) there is an infinite sequence
of alternating causal and non-causal regions, and (iii) there is only one non-causal region. The
Gödel-type solution has been studied in several modified gravity theories [19–29]. Here causal and
non-causal regions in the bumblebee gravity are determined.
This paper is organized as follows. In section II, a brief introduction to bumblebee model is
presented. In section III, the Gödel-type universes are discussed. In section IV, the Gödel-type
universe in bumblebee theory, for different matter contents, is studied. The analysis considers two
cases, that is, with the coupling constant zero and non-zero. Causal and non-causal Gödel-type
solutions are found. In section V, some concluding remarks are discussed.
II. BUMBLEBEE MODEL
Here the Bumblebee model is presented. This theory considers a vector field Bµ which acquires
a nonzero vacuum expectation value bµ that allows spontaneous Lorentz symmetry breaking. The
action that captures the most relevant features of the bumblebee model describes the coupling
between the bumblebee field and geometry and the presence of a general potential. A discussion of
the symmetries of a model with couplings of the form BµBνRµν and B
µBµR has been presented
[9, 30]. It is interesting to note that the choice of the potential can have implications for the
parameters of the theory. For example, a general potential implies that the inclusion of both types
of couplings should have physical consequences. Here, for simplicity, the coupling to the Ricci scalar
is discarded. Thus the model studied here is the same as presented and investigated in Ref. [4].
The action that describes the dynamics of the bumblebee field is given by [1, 4, 5, 30]
S =
∫ √−g[ 1
2κ
(R+ ξBµBνRµν)− 1
4
BµνBµν − V (BµBµ ± b2) + LM
]
, (1)
where g is the metric determinant, κ = 8piG, ξ is the coupling constant and LM is the Lagrangian
density for the matter fields. The field-strength tensor Bµν is defined as
Bµν ≡ ∂µBν − ∂νBµ (2)
and the potential V (BµBµ±b2) is responsible for triggering the mechanism of spontaneous Lorentz
violation. The field Bµ takes on a nonzero vacuum value, i.e. 〈Bµ〉 = bµ. Then for a local
minimum at BµB
µ ± b2 = 0 that leads to bµbµ = ∓b2. Therefore, the non-null vector background
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bµ spontaneously breaks the Lorentz symmetry. A correspondence between the bumblebee action
(1) and the Lorentz-violating action obtained in the gravitational sector of minimal SME has been
established [6]. The action of the gravitational sector provided by the minimal SME is given as
SLV =
1
2κ
∫
d4x
√−g [uR+ sµνRµν + tµναρRµναρ] , (3)
where u, sµν and tµναρ are real and dimensionless tensors that carry information about Lorentz
violation. The correspondence between the bumblebee and SME action is
u =
1
4
ξBµBµ, s
µν = ξ
(
BµBν − 1
4
gµνBαBα
)
, tµναρ = 0. (4)
By taking the action (1) and varying it with respect to the metric tensor gµν , the modified
Einstein equation is given as
Gµν = κ
[
2V ′BµBν +BµαBν
α −
(
V +
1
4
BαβB
αβ
)
gµν
]
+ ξ
[
1
2
BαBβRαβgµν −BµBαRαν −BνBαRαµ
+
1
2
∇α∇µ(BαBν) + 1
2
∇α∇ν(BαBµ)− 1
2
∇α∇β(BαBβ)gµν − 1
2
(BµBν)
]
+κTµν, (5)
where Gµν is the Einstein tensor, V
′ denotes the derivative of the potential V with respect to its
argument and Tµν is the energy-momentum tensor of matter that is defined as
Tµν = − 2√−g
δ (
√−gLM )
δgµν
. (6)
Similarly, varying the eq. (1) with respect to the field Bµ, the equation of motion for the
bumblebee field is given as
∇µBµν = 2
(
V ′Bν − ξ
2κ
BµR
µν
)
. (7)
Note that when bumblebee field Bµ and potential V (Bµ) are null, the original general relativity
field equations are recovered.
In the next section, the Gödel-type solutions are presented. Then the consistency of these
solutions in the bumblebee gravity theory will be verified.
III. GÖDEL-TYPE UNIVERSES
In this section, a brief introduction to the Gödel-type universes is presented. The Gödel metric
was constructed by Kurt Gödel, in 1949 [13]. It is an exact solution with rotating matter of the
Einstein field equations. The main feature of this metric is the possibility of Closed Time-like
Curves (CTC’s), which lead to the violation of causality. In order to study the question of causality
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with more details, an extension of this solution has been proposed [18]. This generalization is known
as Gödel-type solution and it is described by the line element
ds2 = [dt+H(r)dφ]2 − dr2 −D2(r)dφ2 − dz2, (8)
where the functions H(r) and D(r) satisfy the relations
H ′(r)
D(r)
= 2ω and
D′′(r)
D(r)
= m2, (9)
where the line denotes derivative with respect to r, m and ω are constant parameters. These
parameters are used to define different Gödel-type geometries, such that ω > 0 and −∞ ≤ m2 ≥
+∞. The Gödel-type solution, eq. (8), can be written as
ds2 = dt2 + 2H(r)dtdφ− dr2 −G(r)dφ2 − dz2, (10)
where G(r) = D2(r)−H2(r). The circles defined by t, z, r = constant, that depend on the behavior
of the G(r), lead to the existence of CTC’s when G(r) < 0 for a certain range of r.
There are three different classes of Gödel-type solutions: (i) linear, when m = 0 and there are
non-causal Gödel circles; (ii) trigonometric, for m2 ≡ µ2 < 0 with an infinite sequence, alternating
between causal and non-causal regions and (iii) hyperbolic, for m2 > 0. There is one non-causal
region. In addition, causal solutions are possible too. Here the hyperbolic class is considered. In
this case, the functions H(r) and D(r) are defined as
H(r) =
4ω
m2
sinh2
(mr
2
)
and D(r) =
1
m
sinh(mr), (11)
and the non-causal regions occur for r > rc such that
sinh2
(mrc
2
)
>
(
4ω2
m2
− 1
)−1
, (12)
with rc being the critical radius. Here two situations can be analyzed: (i) If m
2 = 2ω2 the Gödel
solution [13] is recovered and the critical radius, beyond which the causality is violated, is
rc =
2
m
sinh−1(1). (13)
(ii) If m2 = 4ω2 the critical radius rc →∞, then the violation of causality is avoided.
In order to facilitate the calculation of the field equations, let us use the following basis
θ0 = dt+H(r)dφ, θ1 = dr, θ2 = D(r)dφ, θ3 = dz, (14)
where the line element takes the form
ds2 = ηabθ
aθb = (θ0)2 − (θ1)2 − (θ2)2 − (θ3)2, (15)
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with θa = eaµdx
µ being the 1-form and ηab = diag(+1,−1,−1,−1) being the Minkowski metric.
In this new basis, a flat space-time, the non-zero Ricci tensor components are given by
R00 =
1
2
(
H ′
D
)2
= 2ω2, (16)
R11 = R22 = R00 − D
′′
D
= 2ω2 −m2, (17)
and the scalar curvature is R = 2(m2−ω2). Then the non-zero Einstein tensor components become
G00 = 3ω
2 −m2, G11 = G22 = ω2, G33 = m2 − ω2. (18)
These results will be used in the next section, where the Gödel-type solution is studied in the
bumblebee gravity framework.
IV. GÖDEL-TYPE SOLUTION IN BUMBLEBEE GRAVITY
Here the Gödel-type solution in bumblebee gravity is analyzed. The possibility of causality
violation in this framework is investigated. The field equations of the bumblebee model are written
in the tetrad frame as
Gac = κ
[
2V ′BaBc −BadBcd −
(
V +
1
2
BdeB
de
)
ηac
]
+ ξ
[
1
2
BdBeRdeηac −BaBdRdc −BcBdRda
+
1
2
∇d∇a(BdBc) + 1
2
∇d∇c(BdBa)− 1
2
∇d∇e(BdBe)ηac − 1
2
(BaBc)
]
+κTac. (19)
In order to calculate the field equations, an ansatz for the bumblebee field is chosen as
Ba = (B(t), 0, 0, 0), (20)
which satisfies the condition ηacBaBc = ±b2.
Due to the difficulty of solving the field equations, let’s restrict ourselves to two different cases.
In the first case, the coupling constant ξ is equal to zero. And in the second case, the vacuum
solution is considered, where the bumblebee field becomes a constant that minimizes the potential.
A. First case: ξ = 0
In this case, where the coupling constant vanishes (ξ = 0), the field equation associated with
the bumblebee field Ba, eq. (7), give us
V ′B = 0. (21)
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This forces the bumblebee field to rest at one of the extremes of its potential and keeps it from
evolving with time. Thus, setting ξ = 0, we get V ′ = 0, B˙ = B¨ = 0 and V = V0, with V0 being a
constant non zero. Then the field equations, eq. (19), become
Gac = −κV0ηac + κTac. (22)
Therefore, the bumblebee field contributes only through constant potential. In order to solve this
field equation, a perfect fluid is considered as matter source. Its energy-momentum tensor in the
tetrad basis is given as
T
(M)
ab = (ρ+ p)uaub − pηab, (23)
where ρ is the density energy, p is the fluid pressure and ua = (1, 0, 0, 0) is the 4-velocity. The
non-zero components are
T
(M)
00 = ρ, T
(M)
11 = T
(M)
22 = T
(M)
33 = p. (24)
Then, the non-null components of the field equations are
3ω2 −m2 = ρ− V0, (25)
ω2 = p+ V0, (26)
m2 − ω2 = p+ V0. (27)
Combining these equations, we obtain
m2 = 2ω2, (28)
ρ = ω2 + V0, (29)
p = ω2 − V0. (30)
The eq. (28) corresponds to the standard Gödel solution that leads to causality violation. The
equations (28)-(30) have a close resemblance to equations of general relativity with −V0 playing
the role of the cosmological constant.
Here other sources of matter are considered. The main objective is to investigate whether other
sources of matter can generate causal solutions. First, let’s consider two different sources of matter,
namely a combination of a perfect fluid with a scalar field. Then the total energy-momentum tensor
is given as
Tab = T
(M)
ab + T
(S)
ab , (31)
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where T
(M)
ab is the energy-momentum tensor of the perfect fluid, eq. (23), and T
(S)
ab is the energy-
momentum tensor of the scalar field that is defined as
T
(S)
ab = ∇aΦ∇bΦ−
1
2
ηabη
cd∇cΦ∇dΦ, (32)
with ∇a being the covariant derivative with respect to base θa = eabdxb. Assuming, for simplicity,
that
Φ(z) = sz + c1, (33)
where s and c1 are constants, the non-vanishing components of energy-momentum tensor for this
scalar field are
T
(S)
00 = −T (S)11 = −T (S)22 = T (S)33 =
s2
2
. (34)
For this source of matter, the field equations become
3ω2 −m2 = ρ− V0 + s
2
2
, (35)
ω2 = p+ V0 − s
2
2
, (36)
m2 − ω2 = p+ V0 + s
2
2
. (37)
Combining these equations, we obtain
ρ = ω2 + V0 − 3
2
s2, (38)
p = ω2 − V0 + s
2
2
, (39)
m2 − 2ω2 = s2. (40)
It is important to note that, due to the introduction of the scalar field, the freedom to choose the
m2 value emerges. If s2 > 0, the condition m2 = 4ω2 is a possible value which leads to a causal
Gödel-type solution.
The positive value of the density ρ and the pressure p are insured if the value of the constant
potential is bounded within the interval
3
2
s2 − ω2 ≤ V0 ≤ 1
2
s2 + ω2, (41)
that leads to
2ω2 ≥ s2, (42)
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which implies that
V0 = 2ω
2. (43)
These values lead to a causal solution, which is allowed to m2 = 4ω2. And from the equations
(38) and (39), we get ρ = p = 0. An important note, by comparing the analysis done here with
the discussion realized in [18], the potential V0 may be interpreted as being the negative of the
cosmological constant, i.e., V0 = −Λ.
Now, an electromagnetic field aligned on z-axis and dependent of z is added to our matter
content. The non-vanishing components of the electromagnetic tensor in tetrad frame are
F03 = −F30 = E(z), F12 = −F21 = B(z), (44)
with the solutions of the Maxwell equations given by
E(z) = E0 cos[2ω(z − z0)],
B(z) = E0 sin[2ω(z − z0)],
(45)
where E0 is the amplitude of the electric and magnetic fields and z0 is a constant. The non-zero
components of the electromagnetic energy-momentum tensor are
T
(EM)
00 = T
(EM)
11 = T
(EM)
22 =
E20
2
, T
(EM)
33 = −
E20
2
. (46)
Then the new energy-momentum tensor is given by
Tab = T
(M)
ab + T
(S)
ab + T
(EM)
ab . (47)
Thus the field equations become
ρ = ω2 +
e2
2
+ V0 − 3
2
s2, (48)
p = ω2 − V0 − e
2
2
+
s2
2
, (49)
m2 − 2ω2 = s2 − e2. (50)
The positivity of the density ρ and of the pressure p imply that
3
2
s2 − e
2
2
− ω2 ≤ V0 ≤ 1
2
s2 − e
2
2
+ ω2, (51)
which leads to the eqs. (42) and (43), and to a causal solution, with ρ = p = 0, only if
e2 = 0. (52)
Therefore, the causal Gödel-type solution is only possible in the case where the matter source is a
combination of perfect fluid and scalar field.
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B. Second case: ξ 6= 0 - Vacuum solution
Here the vacuum solution is considered. In this case the bumblebee field Ba remains frozen in
its vacuum expectation value ba. Hence V = V
′ = 0 and then eq. (7) becomes
BaR
ab = 0. (53)
For the choice Ba = (b, 0, 0, 0), this equation leads to a trivial solution, i.e., b = 0. However, if the
Bumblebee field is Ba = (0, b, 0, 0) the field equation yields
b(2ω2 −m2) = 0 (54)
that implies in the Gödel solution, i.e.,m2 = 2ω2. The same condition is obtained for the Bumblebee
field given as Ba = (0, 0, b, 0). Therefore, the eq. (53) imposes only non-causal solution in this case
with non-zero coupling constant.
It is important to note that the action (1) considered only coupling between the bumblebee
field and the Ricci tensor. So a natural question arises, what happens to the results above when
considering the coupling between the bumblebee field and the Ricci scalar? For such analyze the
action (1) becomes
S =
∫ √−g[ 1
2κ
(R + ξBµBνRµν + χBµB
µR)− 1
4
BµνBµν − V (BµBµ ± b2) + LM
]
, (55)
where χ is a coupling constant. Then the bumblebee field equation becomes
∇µBµν = 2
(
V ′Bν − ξ
2κ
BµR
µν − χ
2κ
BνR
)
. (56)
Thus, considering the vacuum solution, a new condition arises, that is given as
ξBaR
ab + χBbR = 0. (57)
Now let’s look to the Gödel solution. Considering Ba = (b, 0, 0, 0), the same trivial solution (b = 0)
is obtained. In addition, for the other choices, i.e., Ba = (0, b, 0, 0), Ba = (0, 0, b, 0) and Ba =
(0, 0, 0, b) the relation 0 < m2 < 4ω2 has been found. Therefore, the non-causal Gödel circles
also occurs in this case. Furthermore, although the inclusion of coupling between the bumblebee
field and Ricci scalar changes the constraint (53), the main physical result is not modified, i.e., the
non-causal Gödel solution is allowed in this gravitational theory.
Now let’s consider the Einstein equations, eq. (19), that are given by
Gac = ξ
(
1
2
BdBeRdeηac −BaBdRdc −BcBdRda
)
+ Tac. (58)
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These equations will be analyzed for the Bumblebee field Ba = (0, b, 0, 0). By taking the perfect
fluid, eq. (23), as matter content, the non-zero components of the field equations are
3ω2 −m2 = ξb
2
2
(2ω2 −m2) + ρ, (59)
ω2 =
3ξb2
2
(2ω2 −m2) + p, (60)
ω2 = −ξb
2
2
(2ω2 −m2) + p, (61)
m2 − ω2 = −ξb
2
2
(2ω2 −m2) + p. (62)
Using the condition given by eq. (54), m2 = 2ω2, we get ρ = p = ω2. So Einstein equations
are consistent with a non-causal solution as required by the bumblebee field equation. Therefore,
regardless of the content of the matter, a causal solution, in this case, is forbidden.
An important note, when the couplings between bumblebee field and Ricci scalar is considered,
the modified Einstein equations acquire new terms and take the form
Gac = ξ
(
1
2
BdBeRdeηac −BaBdRdc −BcBdRda
)
− χ
(
BdB
dGac +RBaBc
)
+ Tac. (63)
Although the additional coupling could lead to a different field equation, the overall dynamical
structure of the field equations, when applied to the Gödel solution, is not substantially modified,
since the non-causal solution persists in this case, as previously analyzed.
V. CONCLUSION
The bumblebee model is a gravitational theory that exhibits spontaneous Lorentz symmetry
breaking. The Gödel-type solution is used to study the question of causality in this gravitational
model. The study developed here is divided into two cases which depend on the value of the coupling
constant, ξ. The coupling constant controls the non-minimal gravity-bumblebee interaction. The
case with ξ = 0 leads to a constant potential as being the bumblebee field contribution. The first
analysis considers the perfect fluid as a source of matter. Combining the field equations, the Gödel
solution is obtained. Then the causality violation is allowed. By comparing our results with the
GR results, the potential V0 may be associated with the cosmological constant. In order to obtain
a causal solution, other sources of matter are considered. Combining perfect fluid plus scalar field
as a source of matter, the freedom to choose the parameters of the metric arises and then a causal
Gödel-type solution is obtained. In addition, the positivity of the energy density and pressure leads
to the same relation between the bumblebee potential and the cosmological constant. The third
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source of matter is introduced. Now, the total energy-momentum tensor is composed of a perfect
fluid, scalar field and electromagnetic field. For certain restrictions on the relationship between
the scalar and electromagnetic fields a causal solution is possible. In the case ξ 6= 0, the vacuum
solution is considered, so there is no contribution due to the potential. By taking the Bumblebee
field equation, the Gödel solution is recovered. The Einstein equations are consistent with a non-
causal solution independent of the content of the matter. Then in the case with a non-zero coupling
constant, a causal solution is not allowed. Therefore, when ξ = 0 both the causal and non-causal
solutions are allowed in the bumblebee model. However, for ξ 6= 0, there is a restriction, only a
non-causal solution is allowed.
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